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NASA TT F-9872 

THEORY OF THE SUPERCONDUCTIVITY OF THIN METAL FILMS I N  A 
STRONG MAGNETIC FIELD (I)*.  

Wu Hang-shgng, Leng Hsiao-l in  

ABSTRACT 

This  ar t ic le  s t u d i e s  t h e  p r o p e r t i e s  of a supekconducting 

f i l m  i n  a magnetic f i e l d  c lose  t o  t h e  c r i t i c a l  temperature  

T . The magnetic f i e l d  i s  p a r a l l e l  t o  t h e  f i l m  s u r f a c e .  

This a r t i c l e  d i scusses  t h e  theory of Gor'kov (Ref. 3 ) ,  

C 

and shows t h a t  t h i s  theory employs t h e  l o c a l  approximation 

which w a s  in t roduced  i n  h i s  express ion  f o r  t h e  Green's func t ion  

of an e l e c t r o n  i n  a magnetic f i e l d  z o ( r r ' ) .  

t h i s  a r t i c l e  assume t h a t  t h i s  express ion  f o r  z o ( r r ' )  is not  

a p p l i c a b l e  t o  f i n e  f i l m s ,  and i t  i s  rep laced  by expansion i n  

.a p e r t u r b a t i o n  theory series i n  powers of t h e  v e c t o r  p o t e n t i a l .  

The au tho r s  of 
w 

w 

The compensation equat ion and Gor'kov's c u r r e n t  equat ion 

are gene ra l i zed  t o  t h e  case of t h e  f i lm.  The equat ions  are 

solved f o r  a f i l m  having the  th i ckness  d <6 (T), and t h e  ex- 

p re s s ions  are obtained for t h e  vec to r  p o t e n t i a l ,  t h e  magnetic 

moment, energy gap, and t h e  c r i t i c a l  cu r ren t .  The phase 

0 

conversion of t h e  f i lm  i n  a magnetic f i e l d  i s  s t u d i e d ,  and t h e  

* 
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express ion  f o r  t h e  cr i t ical  f i e l d  is obtained.  

I '. 

The results obta ined  co inc ide  w i t h  t h e  Ginzburg-Landau 

theory  i n  t h e  case of a f ixed  f i l m  (d>>S ) and d i f f e r  consid- 

e rab ly  from t h i s  theory i n  t h e  case of a f i n e  f i l m  (d<C ) ( i n  

0 

0 

a d d i t i o n  t o  t h e  express ion  f o r  t h e  c r i t i ca l  c u r r e n t  and t h e  

c r i t e r i o n  f o r  a type  of phase conversion of a superconducting 

f i l m  i n  a magnetic f i e l d ) .  The d i f f e r e n c e  i s  c l e a r l y  expressed 

i n  t h e  dependence of a l l  q u a n t i t i e s  on t h e  f i l m  th ickness .  The 

r e s u l t s  ob ta ined  are v a l i d  i n  t h e  case 6 (TI> d>> d*, where 

assumed i n  t h i s  article. &u-.tl/L 

I. INTRODUCTION 

I n  a previous paper  publ i shed  not  long ago, one of t h e  au thors  /873* 

used t h e  method of Green's func t ion  and extended t h e  theory  of BCS (Ref 8) 

t o  t h e  case of superconducting metal  f i l m s ,  and provided a theory  of super- 

conduc t iv i ty  of t h i n  metal f i lms .  It d iscussed  t h e  equ i l ib r ium p r o p e r t i e s  

of superconduct ing t E i n  f i lms ,and  proved t h a t  when t h e  th i ckness  of a 

superconduct ive f i l m  i s  t h i n  enough, i t s  c r i t i ca l  temperature  Tc, t h e  energy 

gap, and thermodynamic p r o p e r t i e s  change p e r i o d i c a l l y  wi th  t h e  f i l m  th ickness .  

In t h i s  paper and a la te r  one, w e  s h a l l  s tudy t h e  p r o p e r t i e s  of a super- 

conduct ing f i l m  i n  a magnetic f i e l d  n e a r  t h e  c r i t i c a l  temperature  T . The 

i n t e n s i t y  of t h e  magnetic f i e l d  i s  a r b i t r a r y  and i s  n o t  l i m i t e d  t o  t h e  

C 

* 
Note: Numbers i n  t h e  margin i n d i c a t e  pagina t ion  i n  t h e  o r i g i n a l  

f o r e i g n  text.  
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. 
6 case  of a very s m a l l  c r i t i c a l  magnetic f i e l d .  

As is  w e l l  known, the proper ty  of a superconducting subs tance  under 

t h e  above condi t ions  can be discussed by t h e  a b s t r a c t  of Ginzburg-Landau 

theory  (Ref. 2) (abbrevia ted  as t h e  GL theo ry ) .  For an i n f i n i t e  supercon- 

d u c t o r ,  Gor'kov (Ref. 3)  has  proved t h a t  t h e  b a s i c  equat ions  ( i . e . ,  t h e  

g e n e r a l l y  c a l l e d  Ginzburg-Landau equations) i n  t h e  GL theory  can be de- 

r i v e d  from t h e  microscopic  theory  of superconduction. 

equ iva len t  t o  t h e  compensation equat ion and t h e  c u r r e n t  equat ion  i n  t h e  

microscopic  theory .  

These equat ions  are 

A superconducting t h i n  f i l m  has an ex t r ao rd ina ry  special f e a t u r e .  

When i t s  th i ckness  2d is  so  smal l  t h a t  it can be compared wi th  t h e  coher- 

ence l eng th  50, t h e  r e l a t i o n s h i p  between t h e  cu r ren t  and t h e  v e c t o r  poten- 

t i a l  i s  not  l o c a l  even i n  t h e  range near  Tc. This  r e p r e s e n t s  an important  

d i f f e r e n c e  between a superconducting t h i n  f i l m  and an i n f i n i t e  supercon- 

duc to r .  

In  t h i s  paper w e  s h a l l  analyze Gor'kov's theory ( t h e  t h i r d  s e c t i o n ) ,  

and s h a l l  po in t  out  t h a t  i n  t h e  process of de r iv ing  t h e  GL equa t ion ,  Gor'kov 

a c t u a l l y  used a l o c a l  approximation. This  approximation i s  mainly /874 

i n t roduced  i m p l i c i t l y  i n  t h e  approximate s o l u t i o n  of t h e  Green 's  f u n c t i o n  

(G, -0 (r, r ' ) ) ;  (Gi, -0 ( r ,  r ' ) )  is  t h e  Green's f u n c t i o n  of a normal e l e c t r o n  i n  a 

magnet ic  f i e l d .  

a superconduct ing f i lm of l a r g e  enough th i ckness .  

Gor 'kov 's  theory  t o  a superconducting f i l m  of smaller t h i c k n e s s ,  t h e  c r u c i a l  

problem l ies  i n  cons ider ing  t h e  non-local c h a r a c t e r i s t i c s  of a supercon- 

d u c t i n g  t h i n  f i l m ;  t h e r e f o r e ,  w e  m u s t  d i s c a r d  t h e  l o c a l  approximation used 

by Gor'kov. 

For t h i s  reason ,  Gor'kov's theory i s  only a p p l i c a b l e  t o  

I n  o rde r  t o  extend 

I n  t h e  t h i r d  s e c t i o n ,  w e  s h a l l  show t h a t  t h e  approximate 

3 



express ion  of Green's func t ion  eo ( r , r ' )  used by Gor'kov must be  d iscarded .  

In s t ead ,  the small pe r tu rba t ion  expansion of 6' (r,r') i n  power series of 

the vec to r  p o t e n t i a l  can be used. 

i w 

w 

Applying t h e  method g iven  i n  the l i t e r a t u r e  (Ref. l ) ,  one can r e a d i l y  

extend t h e  b a s i c  equat ions  i n  Gor'kov's theory  t o  t h e  case of a superconduct- 

ing f i lm .  

equat ion  app l i cab le  f o r  t h e  range near t h e  c r i t i ca l  temperature  Tc. 

equa t ions  are expressed through Eo ( r , r ' ) ,  and are v a l i d  f o r  f i l m s  of any 

th ickness .  

t h e  weak f i e l d  p e n e t r a t i o n  depth of t h e  i n f i n i t e  conductor] ,  t h e  d i s t r i b u t i o n  

of the magnetic f i e l d  i n  a m e t a l  f i lm is no t  very  d i f f e r e n t  between t h e  

superconducting phase and t h e  normal phase. Using t h e s e  phys ica l  charac te r -  

i s t ics  and under t h e  assumption of cons tan t  energy gap, t h e  s o l u t i o n s  of t h e  

compensation equat ion  and t h e  cur ren t  equat ion  are obtained.  Also,  t h e  magnet- 

i c  moment, energy gap, and t h e  c r i t i c a l  magnetic f i e l d  ( t h e  417th s e c t i o n )  

of t h e  superconducting t h i n  f i l m  are ca l cu la t ed .  I n  t h e  e i g h t h  s e c t i o n ,  t h e  

c r i t i ca l  c u r r e n t  i s  ca l cu la t ed .  

I n  Sec t ion  2 ,  we  g ive  the compensation equat ion and t h e  c u r r e n t  

These 

w 

When t h e  f i l m  th ickness  i s  s m a l l e r  than  260(T) [60(T) r e p r e s e n t s  

The r e s u l t s  w e  ob ta ined  (except t h e  c r i t i c a l  cu r ren t  and t h e  c r i t e r i o n  

f o r  the o rde r  of t h e  phase t r a n s i t i o n )  are cons iderably  d i f f e r e n t  from t h e  

GL theory  when d < to.. The d i f f e rence  between t h e  two i s  expressed par- 

t i c u l a r l y  w e l l  i n  t h e  dependence r e l a t i o n  on d;  only when d >> co does t h e  

r e s u l t  of th i s  paper ag ree  wi th  t h a t  of t h e  GL theory.  

I n  another  a r t ic le  (Ref. 4 ) ,  w e  f u r t h e r  i n v e s t i g a t e d  t h e  second-order 

phase t r a n s i t i o n  c r i t i ca l  magnetic f i e l d  and compared it  wi th  experiment. 

The theo ry  and t h e  experimental  r e s u l t s  ag ree  very  w e l l .  

The r e s u l t s  of t h i s  paper and (Ref. 4) are app l i cab le  t o  superconduct- 

ing  f i l m s  which s a t i s f y  t h e  condi t ion 60(T) > d >> d*, where 2d i s  t h e  

4 



. 
, and p is  t h e  wave v e c t o r  of elec- 0 f i l m  th i ckness ,  2d* = 

t r o n s  around t h e  Fermi s u r f a c e  of normal metals. 

mated t h a t  26% - 
For Sn, i t  can be  esti- 

cm. A s  t o  the p r o p e r t i e s  of superconducting t h i n  

f i l m  wi th  d < d*, w e  s h a l l  d i s c u s s  them i n  another  a r t i c l e ,  where those  

which are neglec ted  i n  s e c t i o n  417 a r e  going t o  be  important .  
. .  

11. BASIC EQUATIONS 

Consider an i n f i n i t e  superconducting f i l m  wi th  th i ckness  2d. Assume 

t h a t  t h e  magnetic f i e l d  i s  p a r a l l e l  t o  t h e  f i l m  s u r f a c e  along t h e  r 3  d i -  

r e c t i o n ,  and t h e  cu r ren t  passes  along t h e  r d i r e c t i o n  (See F igure  1). 

The magnetic f i e l d  and t h e  c u r r e n t  a r e  both func t ions  of r 

f o r e ,  w e  can select t h e  v e c t o r  p o t e n t i a l  which has  only  a r2 d i r e c t i o n  

component and bes ides  is  a func t ion  of r1 only: A =  (0, A ( r l ) ,  0) .  

aA(r i ) .  t i m e ,  t h e  magnetic f i e l d  H = 

2 

a lone .  There- 1 

A t  t h i s  

a r i  
According t o  t h e  method g iven  i n  (Ref. l), i t  i s  no t  d i f f i c u l t  t o  ob- 

t a i n  t h e  equat ion  s a t i s f i e d  by t h e  Green's func t ion  of t h e  superconducting 

f i l m  i n  t h e  magnetic f i e l d .  I f  w e  make t h e  s e l e c t i o n  pos tu l a t ed  by our  

c r i t e r i o n ,  t h e  energy gaps are real, and are a l l  func t ions  of r1 alone.  

Therefore ,  t h e s e  equat ions  can b e  w r i t t e n  as: 

. 

4- A(r,)C,(r, r') = 0 ,  

where t h e  energy gap A(rl) i s  

U ( r )  r e p r e s e n t s  t h e  p o t e n t i a l  energy of t h e  metal f i l m  boundary. We have 

s e l e c t e d  t h e  d i r e c t i o n a l  very  w e l l .  Green's func t ions  of t h e  

5 



superconducting f i l m  appearing i n  equation (1) and those  in t roduced  i n  t h e  

fol lowing s e c t i o n s  a l l  s a t i s f y  t h e  appropr i a t e  boundary cond i t ions .  
r 

W e  l e t  

G ( r , r ' )  and Clr, r ' ) ,  etc., s a t i s f y ,  i n  t h e  d i r e c t i o n  of t h e  f i l m  th ick-  
0 

ness ,  t h e  boundary cond i t ion  of t h a t  p a r t i a l  d e r i v a t i v e  equal  t o  zero.  For 

example, t h e  cond i t ion  f o r  G ( r , r ' )  i n  t h e  th i ckness  d i r e c t i o n  i s  
w 

a G w E i  '*) I r a d  2, I 

- (3) 

From t h e  c u r r e n t  formula obta ined  below, i t  i s  not  d i f f i c u l t  t o  see t h a t  

t h e  phys ica l  meaning of t h e  boundary condi t ion  l i es  i n  t h e  f a c t  t h a t  t h e  

c u r r e n t  along t h e  normal d i r e c t i o n  of t h e  boundary is zero.  The Green's 

f u n c t i o n  s a t i s f y i n g  t h e  above condi t ion  can be expanded, us ing  t h e  s o l u t i o n  

of t h e  s i n g l e - p a r t i c l e  Schrodinger equat ion without  an  e x t e r n a l  f i e l d ,  

and s a t i s f y i n g  t h e  same boundary condi t ion .  The s o l u t i o n  i s  

n r  
2d' where K = - n = 0,  1, 2 ,  ... T h i s  kind of expansion r e p r e s e n t s  an  ex- 

t e n s i o n ,  t o  t h e  case  of superconducting f i l m s ,  of t h e  expansion method from 

p l a i n  waves, which is gene ra l ly  used i n  an i n f i n i t e  sample. 

Using t h e  method of (Ref. 3 ) ,  w e  can in t roduce  t h e  Green's func t ion  

C0(r, r ' )  of normal e l e c t r o n s  i n  a m a g n e t i c  f i e l d .  

t i o n  

It s a t i s f i e s  t h e  equa- 
w 

6 



I 

F igure 1 

A Superconducting Film of Thickness 2d 

(The Magnetic F ie ld  is P l o t t e d  Along t h e  
r Di rec t ion ,  and t h e  Vector P o t e n t i a l  is 

P l o t t e d  along the r2 Di rec t ion )  
3 

Applying t h i s ,  

rn 

w e  can t ransform (1) i n t o  a form of i n t e g r a l  equat ions :  

1 When A t  = 1- << 1, equat ion  (5) can be expanded wi th  r e spec t  t o  A(r1) 

by t h e  s m a l l  p e r t u r b a t i o n  theory.  

A2 term, G (r ,  r ' )  can b e  expressed as 

TC 
Under t h e  approximation accu ra t e  t o  t h e  

/876 w 
CI 

C,(v, r') = G!',( r ,  r') - dldmc:(r, l)A(fI%t(my r')A(nd?--(m, 1). ( 6 )  

S u b s t i t u t i n g  (6) i n t o  (5b) ,  and using equat ion  (21, w e  o b t a i n  t h e  gap equa- 



I n  t h e  same way, t h e  cu r ren t  equat ion near  Tc i s  obtained 

. .  x A(rnI)EL(rn, 1). I 
1 

The compensation equat ion (7) and the c u r r e n t  equat ion  (8) r ep resen t  an 

ex tens ion  of t h e  corresponding equat ions i n  Gor'kov's theory.  The in t eg ra -  

t i o n ,  wi th  r e s p e c t  t o  t h e  coordinate  v a r i a b l e s ,  which appears  i n  equat ions  

(5)-(8) and i n  t h e  equat ions  of t h e  fol lowing s e c t i o n s , i s  l i m i t e d  t o  t h e  

i n t e r i o r  of t h e  m e t a l  f i lm .  

111. &OC& APPROXIMATION I N  GOR'KOV'S THEORY 

bo(r, r ' )  in t roduced  i n  t h e  previous s e c t i o n  i s  def ined  by equat ion  

( 4 ) ,  and it  s a t i s f i e s  a boundary condi t ion similar t o  equat ion ( 3 ) .  

w 

Gor'kov gave an  approximate expression f o r  G. -0 ( r ,  r ' )  as, (Ref. 3) 
w 

where G \ ( r ,  r ' )  i s  t h e  Green's func t ion  of a f r e e  p a r t i c l e .  

f i l m ,  i t  s a t i s f i e s  t h e  equat ion I 

With a m e t a l  

{iw + -Vz A* - V(r) + p] Gz(r, r') - b(? - P'), 
2m 

Therefore ,  w e  have 

where 'GPq = Ekpq - p. 

s o l u t i o n  of t h e  equat ion  (9) form is s u b s t i t u t e d  i n t o  equat ions  similar t o  

I n  t h e  case of an i n f i n i t e  super  conductor,  i f  a 

(7) and (8), if t h e  energy gap A(r1) i s  expanded i n  Taylor series wi th  

8 



* respect t o  rl, i f  terms up t o  w- are r e t a i n e d ,  and i f  t h e  exponent of 
a 

equat ion  (9) is expanded r e t a i n i n g  terms up t o  t h e  square of t h e  v e c t o r  

p o t e n t i a l ,  t h e  GL equat ion  i s  obtained. This  is  e x a c t l y  what Gor'kov d id .  

For superconducting f i lms ,  i f  w e  fo l low t h e  same procedure as Gor'kov's,  

it i s  no t  hard t o  prove t h a t  t h e  r e s u l t s  obtained from equat ions  (7)  and 

(l), under t h e  approximation of constant  energy gap, are e x a c t l y  t h e  same 

as those  i n  t h e  GL theory  wi th  k = 0. There i s  a d i f f e r e n c e  between t h e  

two only  when co r rec t ions  are introduced,  cons ider ing  t h e  dependence of t h e  

energy gap on rl. When the  f i l m  th ickness  i s  s m a l l  enough, t h i s  d i f f e r e n c e  

i s  n o t  important  a t  a l l .  This ,  however, does no t  imply t h a t  t h e  GL theory  

i s  a c c u r a t e  even i n  t h e  case of a superconducting t h i n  f i lm.  The problem 

c o n s i s t s  of whether i t  i s  reasonable t o  apply Gor'kov's approximate solu- 

t i o n  here .  

I n  o rde r  t o  ana lyze  t h i s  problem, w e  should re-examine t h e  s o l u t i o n  of 

G. -0 ( r , r ' ) .  L e t  u s  w r i t e  t h e  d i f f e r e n t i a l  equat ion  ( 4 )  which E o ( r , r ' )  
w w 

s a t i s f y  as I 8 7 7  

W e  would l i k e  t o  p o i n t  ou t  t h a t  Gor'kov's approximate s o l u t i o n  (9) can b e  

obta ined  i n  t h e  fol lowing manner. 

i ng  A2 on t h e  right-hand s i d e  of equat ion ( 4 )  ( t h i s  approximation is  c a l l e d  

F i r s t ,  l e t  us  neg lec t  t h e  term contain-  

approximate A).  Then, us ing  equat ion (lo), we can write it as an i n t e g r a l  

Proceeding wi th  t h e  s u b s t i t u t i o n ,  an i n f i n i t e  series i s  obtained:  

9 



l 
I 

E:(r, r') - C",r, r') + dlc:(r, 1) - iek A(I1) - a G X ~ ,  r') + 
mc at2 I I 

ick a ieR a I(=) 
mc at1 mc am, 

+ dldmCz(r, 1) - A(I1)  - - ' G x l ,  m) - A ( m l )  - G!( m, r') f - . 1 

Then let us substitute the vector potential under each integral sign in 

l 
(12) with A(ri) (we call this approximation B), and we obtain 

It is not difficult to prove that the nth term of (13) equals 

Taking n = 2 as an example, and using equation (ll), the n = 2 term can 

be expressed as 

Using the transformation i p  

and integrating by parts, we obtain 

In general, equation (14) can be proved in the same manner. From equation 

(14), equation (13) can be seen to correspond to equation (9). 

The above derivation clearly explains the fact that, in the Gor'bv 

approximation, two approximations are actually involved, i.e., approximation 

A and approximation B mentioned above. 

In the introduction, we have pointed out that a theory used to study 

10 



. t h e  behavior of a superconducting f i l m  i n  a magnetic f i e l d  must t a k e  i n t o  

cons ide ra t ion  t h e  non-local f e a t u r e  of t h e  c u r r e n t  vs. v e c t o r  p o t e n t i a l  re- 

l a t i o n s h i p .  E s s e n t i a l l y  speaking,  approximation (b) i s  a l o c a l  approxima- 

t i on .  Under t h i s  approximation, equat ion (8) is a l o c a l  r e l a t i o n s h i p  /a78 

between t h e  cu r ren t  and t h e  v e c t o r  p o t e n t i a l .  

are s tudying ,  approximation (B) i s  not  app l i cab le .  This  can be explained 

f o r  
Therefore ,  I the problem w e  

f u r t h e r  from another  angle .  I n  f a c t ,  i t  is  very easy t o  prove t h a t  i n  t h e  

v i c i n i t y  of T,, t h e  Green's func t ion  Go( r , r ' )  of a f r e e  p a r t i c l e  decreases  

very  r a p i d l y  when Ir - r '  I > to. Since t h e  v a r i a t i o n  range  of t h e  v e c t o r  po- 

t e n t i a l  A(r1) is  t h e  f i l m  th ickness ,  f o r  a t h i c k  enough f i l m  (2d >> t o ) ,  t h e  

re la t ive change of t h e  v e c t o r  p o t e n t i a l  w i th in  5, is  ve ry  slow, and t h e  lo- 

cal  approximation (B) is  appl icable .  However, f o r  a r e l a t i v e l y  t h i n  f i l m  

(2d << to), t h e  r e l a t i v e  change of t h e  vec to r  p o t e n t i a l  w i t h i n  C0 i s  very 

f a s t ,  and l o c a l  approximation (B) is not  allowed. 

w 

As t o  approximation (A), it i s  app l i cab le  t o  any kind of f i lm.  I n  f a c t  

t h e  r a t i o  of t h e  square  term of A(r i )  t o  t h e  linear term on t h e  right-hand 

<< 1. Therefore ,  e A  < cHOGO(T) s i d e  of equat ion  ( 4 ' ) -  can be est imated as - 
cPP - CPO 

it is  reasonable  t o  neg lec t  t h e  term conta in ing  A2(r1) i n  ( 4 ' ) .  

Summarizing t h e  above d iscuss ion ,  w e  reach t h e  fol lowing conclusion.  

Gor 'kov's appmximate s o l u t i o n  (9) which con ta ins  a l o c a l  approximation i s  

n o t  a p p l i c a b l e  t o  t h e  problem s tudied  i n  t h i s  paper.  However, t h e  expansion 

formula (12) of ~ o ( r , r ' )  which conta ins  approximation (A) only i s  completely 

a p p l i c a b l e .  

l i m i t e d  terms. We 

would l ike  t o  po in t  ou t  t h a t  t h e  approximate express ion  of E0(r,r') thus  

ob ta ined  s a t i s f i e s  t h e  boundary condi t ion (3) .  

w 

In the v i c i n i t y  of Tc, i t  i s  s u f f i c i e n t  t o  take only  several 

This  p o i n t  i s  used i n  a l l  of t h e  fol lowing s e c t i o n s .  

w 

11 



I V .  THE VECTOR POTENTIAL AND THE MAGNETIC FIELD 

I f  (12) is  s u b s t i t u t e d  i n t o  (7)  and (8), and a method similar t o  t h a t  

of (Ref. 3) is  used - t h a t  i s ,  the energy gap func t ion  under t h e  i n t e g r a l  

s i g n  of (7) is  expanded i n t o  Taylor series w i t h  r e s p e c t  t o  rl, up t o  t h e  

a A r i  

t a i n e d  - w e  would o b t a i n  an i n t e g r o - d i f f e r e n t i a l  equat ion.  

l term,and terms upto t h e  square term of t h e  v e c t o r  p o t e n t i a l  are re- -* 
This  i s  an  ex- 

t ens ion  of t h e  GL theory  t o  t h e  case of t h i n  fi lms. This  equat ion ,  how- 

ever, i s  very  complicated and it i s  n o t  easy t o  o b t a i n  a n  a n a l y t i c a l  r e s u l t .  

I n  t h i s  and la ter  papers ,  w e  r e s t r i c t  ourse lves  t o  t h e  s tudy  of t h e  

p r o p e r t i e s  of superconducting f i l m w i t h  d < 60(T). From t h e  d i scuss ion  of 

t h e  t h i r d  s e c t i o n  and (Ref. 4 ) ,  w e  found t h a t  t h e  d i f f e r e n c e  between t h e  GL 

theo ry  and t h e  experiment mainly occurs i n  superconducting f i l m s  wi th  

2d 5 to. A study of t h e  p r o p e r t i e s  of a f i l m  wi th  2d s 5, i s  t h e  main ob- 

ject ive of t h i s  paper.  W e  would l i k e  t o  n o t e  that when t h e  temperature  is  

c l o s e  enough t o  Tc, 6,(T) w i l l  b e  greater than  5,. 

v i c i n i t y  of Tc, i t  i s  s u i t a b l e  t o  s tudy t h e  superconducting f i l m  sub jec t  

t o  t h e  l i m i t a t i o n  of d < I ~ ~ ( T ) .  

d < 60(T), under t h e  approximation of cons tan t  energy gap, equat ions  (7) 

and (8) can be  so lved  d i r e c t l y  by the  fol lowing argument. Actua l ly ,  when 

Therefore ,  i n  t h e  

For t h e  superconducting f i l m  wi th  

d < 6,(T), t h e  d i s t r i b u t i o n  of magnetic f i e l d  H ( r 1 )  i n s i d e  t h e  metal f i l m  

a t  t h e  superconducting phase is not much d i f f e r e n t  from t h a t  a t  t h e  normal 

phase.  For t h i s  reason,  w e  can express t h e  vec to r  p o t e n t i a l  A(rl) wi th  

t h e  v e c t o r  p o t e n t i a l  of a normal-phase t h i n  f i l m  HOrl + C p l u s  a c o r r e c t i o n  

term f o r  superconduct ion,  i . e . ,  

12 



. .  

where Ho expresses  t h e  i n t e n s i t y  of t h e  appl ied  magnetic f i e l d ;  C is a 

cons tan t .  

t h e  boundary cond i t ion  

.-. 
= KO, t h e r e f o r e ,  A ( r 1 )  s a t i s f i e s  dA( ‘1) Since a t  r1 = 0 o r  2d, 

d‘l 

It is  apparent  t h a t ,  when d < 60(T), A(r1) i s  a s m a l l  quan t i ty .  

s t i t u t i n g  (12) i n t o  ( 8 ) ,  and r e t a i n i n g  up t o  t h e  l i n e a r  term of A ( r l ) ,  t h e  

c u r r e n t  equat ion ,  under t h e  approximation of cons tan t  energy gap, can be  

Sub- 

ieii a 
- mc a52 

x - A(s1) - c!,(r, I). 

d2A rl Using __bl = - 3 ( r l )  and equat ion (15), under t h e  f i r s t  o rde r  approxi- 

mat ion,  w e  o b t a i n  
dr 1 
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S u b s t i t u t i n g  t h e  express ion  of G 0 ( r , r ’ ) ,  equa t ion  (ll), i n t o  (18) ,  i n t e -  
w 

g r a t i n g  wi th  r e s p e c t  t o  t h e  coordinate ,  and performing a s imple combination 

of terms, w e  ob ta in  

’: 

cond i t ion  under t h e  summation s i g n ,  k l  - k2 = odd i s  t h e  s i m p l i f i e d  n o t a t i o n  

of - (kl - k2) = odd number. 

t i ve  and nega t ive  quantum numbers. 

2d Summation i s  performed over a l l  t h e  posi-  
71 

I n t e g r a t e  both s i d e s  of equat ion (19) from 0 t o  rl and select t h e  i n t e -  

g r a t i o n  cons tan t  C such t h a t  dAO obta ined  s a t i s f i e s  t h e  boundary condi- d r  1 I 

t i o n  (16). Using t h i s  method, we f i n d  t h a t  

C = - H d , .  

From equat ion  (19) wi th  t h e  use  of (20), w e  

&l) - 11 + 1 2 ,  

where 

f i n d  t h a t  

14 



F i r s t ,  c a l c u l a t e  i n t e g r a l  I 

s ide red  over  kl and v.  

t oo  t h i n  (2d >>>> c m ) ,  t h e r e  i s  always - << 1; t h e r e f o r e ,  t h e  sum- 

mation over k ,  can be converted t o  an i n t e g r a l .  

L e t  v = k2 - kl. Summation can be con- 1' 

I n  gene ra l ,  f o r  a superconducting f i l m  which is n o t  

pod 
Transform t h e  i n t e g r a l  on 

dpdqdkl, i n t o  t h e  s p h e r i c a l  coordinate;  then  i t  i s  very  easy t o  prove t h a t  

t o  I1 can t h e  c o n t r i b u t i o n  of t h e  t h i r d  term i n  5, = 5 1  + hvov cos 0 + - 
i s  t h e  speed of e l e c t r o n s  a t  t h e  Fermi s u r f a c e  be  neglec ted  (here  vo = - 

- .  h2V2 
2m 

%PO 
m 

of a normal m e t a l ) .  Therefore ,  (21a) can be w r i t t e n  as 

I n t e g r a t e  wi th  r e s p e c t  t o  5: 

Then i n t e g r a t e  over x. We then  f ind  

where t h e  func t ions  are as fol lows:  

d 
d = 0.728 -, 

€0 
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. 
A (T) and 60(T),  r e s p e c t i v e l y ,  express  t h e  energy gap and t h e  p e n e t r a t i o n  

depth of a weak f i e l d  of an i n f i n i t e  superconductor ,  E o  = 0.182 - kT, 

From (21) ,  i t  can 

0 
hv0 

A s  t o  i n t e g r a l  12, i t  can b e  estimated as fol lows.  

b e  seen  t h a t  t h e  r a t i o  of t h e  t w o i n t e g r a n d s i n  I1 and I2 i-s 

(x = cos 6) .  From t h e  above ca l cu la t ion  of 11, w e  can see t h a t  when 

d << E o ,  t h e  main con t r ibu t ion  t o  the i n t e g r a l  comes from t h e  reg ion  

." L ." 0.36  2d and when d >> C o y  x - O ( 1 ) .  Therefore ,  
hv ov 50 

(41 - 4 2  . e, - - (p02d)'. 
when d >> co, (41 - 6)' 

Therefore ,  when d >> d* the i n t e g r a l  l2 can b e  neglec ted .  Here 

-5 2d* = (o!36 - :TI2. *ng Sn as an example, 5, = 2 . 3  x 10 cm, 

V o  = 0.65 x 10 cm/sec (Ref .  5 ) ,  we have 2d* - cm. 

I n  t h i s  paper and (Ref. 4) :  we sha l l  neg lec t  I and similar i n t e g r a l s .  2 

This  i s  allowed f o r  r e l a t i v e l y  th i ck  films (d >> d*). For t h i n n e r  f i lms  

(d 5 d*) ,  t h e  c o n t r i b u t i o n  of 12, compared t o  11, can no longer  b e  neg- 

l e c t e d .  But w e  s h a l l  no t  consider  t h i s  case i n  t h i s  paper.  

Summarizing t h e  above c a l c u l a t i o n ,  f o r  a superconducting f i l m  wi th  

d* << d < 6 (T), w e  o b t a i n  0 

A(r1) - Mr, - 4 + Xd, (24) 

and 
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- cos(21+ 1)z 
2 A' d2 d 2 ( r J  a,--- 6%). 3 &T) &(T) 60 Hd (21 + 1)' 

From the definition of(Po (23a)-(23c), it is not hard to prove: 

(24a) 

when TI >> 1, 

I. I when rl << 1, @oo(TI) - 1. 
Since in (24a), almost all contributions come from the terms with smallest 

II, by using the assymptotic expression, we obtain 

(25b) is the same as the result given by the GL theory (Ref. 2, 7). 

From equation (24), the magnetic field inside the superconduc- /882 

ing film can be obtained instantly 
. - .  . 

- A2 d2 
From equation (24), we can see that A(r1) is proportional to -- 
Therefore, it really is a small quantity. 

A p )  6 p '  
If, furthermore, we substitute 

(24) and (24a) into (17), we can obtain the correction term proportional to 

by a similar calculation. A4 d4 
Ah(T) 6$(T) 
-- 

V. THE MAGNETIC MOMENT OF A SUPERCONDUCTING FILM 

In a magnetic field, the magnetic moment of a superconducting film can 

generally be expressed as (Ref. 2): 

Using equation (24), we obtain 

17 



It i s  no t  d i f f i c u l t  t o  see t h a t  

(28b) agrees  wi th  t h e  r e s u l t  of t h e  GL theory ,  b u t  i s  very  much d i f f e r e n t  

from (28a) .  Therefore ,  i t  can b e  seen t h a t  t h e  dependence r e l a t i o n  of t h e  

magnetic moment, 1-1, and d is  d i f f e r e n t  f o r  a t h i n  f i l m  and a t h i c k  f i lm .  

The d i f f e r e n c e  between t h e  two r e f l e c t s  t h e  importance of t h e  non-local 

n a t u r e  i n  a t h i n  f i lm.  

VI. THE COMPENSATION EQUATION AND THE ENERGY GAP 

Under t h e  approximation of constant  energy gap, t h e  compensation equa- 

t i o n  (7) can  be w r i t t e n  as 

I (29) g A a - 2 d - K ,  

where 

I (30b) 

S u b s t i t u t i n g  (12) f o r  t h e  c o ( l , r )  i n  (30b),  and r e t a i n i n g  up t o  t h e  square  
CI) 

term of t h e  v e c t o r  p o t e n t i a l ,  w e  have 

K 5 KO + Kz, 
where 
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I . 

I n  (31) ,  t h e  terms wi th  odd o rde r s  of t h e  v e c t o r  p o t e n t i a l  are zero ,  and are 

no t  w r i t t e n  ou t .  
A 2  6 2  

w e  can write K2 as fo l lows ,  accu ra t e  t o  -7 

S u b s t i t u t i n g  ( 2 4 )  f o r  t h e  vec to r  p o t e n t i a 1 , i n  (32b), 

Ao(T) 6(T) 
K:, P Klo) $. Kl”, ’ 

where 

- 
Only t h e  lowest o rde r  term is kept  f o r  K: 

- - lglcT j*-.jdldsdrndr1G!!(Iy m)Gt(5, r)GO,(s, m)&(l, r). ~ (33) 

( l ) .  F i r s t  i n t e g r a t e  wi th  r e spec t  t o  r using (11) Ca lcu la t ion  of K2- 

W 

1’ 

and ( 2 4 a ) ;  then  combine t h e  terms t o  o b t a i n  
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where t h e  func t ion  Q0(q) i s  def ined  by (23a)-(23c). /884 

t h e  second i n t e g r a l  i n  (34) can b e  neglec ted  and t h e  f i r s t  i n t e g r a l  can be  

When d >> d*, 

ob ta inedlby  t h e  method of t h e  fou r th  s e c t i o n .  

where 

S i m i l a r l y ,  when d >> d*, we o b t a i n  

where 

- 
The two i n t e g r a l s  remaining, Kg and K, are very  easy t o  c a l c u l a t e ,  and we 

s h a l l  only w r i t e  down t h e  r e s u l t s  as follows: 

& - 2 6 [ 1  I g l N ( O ) h ~ ]  T -2d[l + g N ( O ) A r ] ,  (37) 

S u b s t i t u t i n g  t h e  obta ined  KO, K2 ( 0 )  

20 

, K2 (''and k i n t o  (29 , w e  can 



c a l c u l a t e  t h e  energy gap of a superconducting f i l m  immediately: 

When d << t jO(T),  t h e  second term of t h e  denominator can b e  neglec ted ,  and 

thus  

Using t h e  asymptot ic  express ion  of Q1(u) a t  u >> 

@&(e> - 1 (6  << 0, 
28c(3)x (e >> l), 

279C(5)6 

w e  g e t  

1 and u << 1 

(41b) agrees  wi th  t h e  GL theory.  

s e c t i o n s  f o u r  and f i v e  - t h a t  is ,  f o r  a r e l a t i v e l y  t h i n  f i l m  (d < t o ) ,  our  

r e s u l t  i s  d i f f e r e n t  from t h a t  of the GL theory ,  and f o r  a r e l a t i v e l y  t h i c k  

f i l m  (d >> 6,) t h e  two tend t o  agree.  

Here, w e  f i n d  t h e  same s i t u a t i o n  as i n  

V I I .  THE PHASE TRANSITION OF A SUPERCONDUCTING THIN FILM 1885 
I N  A MAGNETIC FIELD 

Using t h e  r e s u l t s  of t h e  previous s e c t i o n ,  w e  can s tudy  t h e  phase 

t r a n s i t i o n  problem of a superconducting t h i n  f i l m  i n  a magnetic f i e l d .  

t h i s  purpose,  l e t  u s  f i r s t  e s t a b l i s h  t h e  express ion  f o r  t h e  f r e e  energy. 

For 

I n  a magnetic f i e l d ,  t h e  d i f f e rence  i n  f r e e  energy d e n s i t y  of a t h i n  

m e t a l  f i l m  a t  t h e  superconducting phase and t h e  normal phase can be ex- 

pres sed  as (Ref. 3 ) :  
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Under t h e  approximation of a cons tan t  energy gap, 

can b e  w r i t t e n  as 

2d - IgIhT dUrlEt(l, r)Z!-(l, r) - 
.) 

1 ( 4 2 )  

t h e  compensation equat ion  

Therefore ,  w e  have 

where k is  given by (30a). Subs t i t u t ing  ( 4 3 )  i n t o  ( 4 2 ) ,  w e  o b t a i n  

Applying ( 2 9 )  again ,  w e  f i n d  t h e  f r e e  energy dens i ty  of a superconducting 

f i l m  i n  a magnetic f i e l d  

where FnO expresses  t h e  f r e e  energy dens i ty  of t h e  t h i n  f i l m  a t  normal phase 

when H = 0. 

The c r i t i c a l  magnetic f i e l d  Hc of a superconducting f i l m  i s  given by 

t h e  fol lowing thermodynamic equat ion (Ref. 2 ) :  

where 

AF des igna te s  t h e  f r e e  energy d i f f e r e n c e  of a superconducting f i l m  wi th  mag- 

n e t i c  f i e l d  and wi thout  magnetic f i e l d .  Hm expresses  t h e  c r i t i c a l  magnetic 
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. .  

f i e l d  of an i n f i n i t e  superconductor.  Using (44) and t h e  r e l a t i o n  

S u b s t i t u t i n g  (47) i n t o  (45) ,  we have 

. Applying t h e  d i ( r l )  Under t h e  s i t u a t i o n  w e  are d iscuss ing ,  H ( r 1 )  = Hc + 

r e s u l t  c a l c u l a t e d  i n  Sec t ion  IVY we o b t a i n  t h e  fol lowing r e l a t i o n  
d r 1  

1886 

where y = 1nC = 1.78, K is given by (30b) and (31)-(32d),  and only  Ho must 

be  rep laced  by Hc. 

(48) and (39) are simultaneous equat ions  determining t h e  c r i t i ca l  mag- 

It n e t i c  f i e l d  Hc and t h e  energy gap of a superconducting f i l m  a t  Ho = Hc. 

i s  very easy  t o  see t h a t  t h e s e  two equat ions  a l low a s o l u t i o n  wi th  A2 = 0 

and w i t h  Hc determined by t h e  following equat ion:  
- K - l m o ,  1 
2d (49) 

K,  which is  accura t e  t o  t h e  H2 term, has  a l r eady  been c a l c u l a t e d  i n  Sec t ion  

V I .  Using t h e  r e s u l t  of Sec t ion  V I ,  w e  o b t a i n  from (49) t h e  c r i t i ca l  mag- 

n e t i c  f i e l d  of t h e  superconducting t h i n  f i l m  as (d >> d*) 

I 

(50) 
-- "e ,a:(T)€o 1 
f G M  d' d @,(a)' 

The phase t r a n s i t i o n  t ak ing  p l a c e  a t  t h i s  t i m e  i s  a second o rde r  one. 

i ng  t h e  assymptot ic  express ion  of Q1(u) a t  u >> 1 and u << 1, w e  can o b t a i n  

U s -  

t h e  two l i m i t i n g  cases of (50) : 

0 
when d << 5 
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when d >> co 

The l a t t e r  agrees  wi th  t h e  GL theory (Ref. 

theory ,  t h e r e  is  a c r i t i ca l  thickness  dc. 

2,  7 ) .  Similar t o  t h e  GL 

When d < dc, t h e  phase t r a n s i -  

t i o n  i s  a second orde: one and when d > dc, t h e  phase t r a n s i t i o n  i s  of f i r s t  

o rde r .  From (39 ) ,  w e  know dc is determined by t h e  fol lowing equat ion:  

S u b s t i t u t i n g  (50) i n t o  t h e  above equat ion,  w e  o b t a i n  t h e  c r i t i ca l  th i ckness  

Using t h e  asymptotic express ions  of O1(o) and Q2(o)  a t  o >> 1, w e  ob ta in ,  

i f  dc >> <,, t h e  fol lowing 

Obviously, when t h e  temperature i s  c l o s e  enough t o  T 

dc >> eo. 
f o r  unimportant c o r r e c t i o n s ,  t h i s  c r i t e r i o n  agrees  wi th  t h e  r e s u l t  of t h e  

GL theory .  

we would have 
C Y  

Therefore ,  i n  t h e  v i c i n i t y  of Tc, (52) i s  always v a l i d .  Except 

V I I I .  CRITICAL CURRENT 

Using t h e  method of Sec t ions  I V  through V I I ,  w e  can a l s o  c a l c u l a t e  

t h e  c r i t i ca l  cu r ren t .  Assume the sample i s  a c y l i n d r i c a l  column, wi th  i t s  

r a d i u s  g r e a t e r  than  t h e  d i f f e r e n c e  of t h e  o u t s i d e  and i n s i d e  diameter .  

can  approximately treat  i t  as a t h i n  f i l m  (Ref. 6 ) .  

i n s i d e  and o u t s i d e  r a d i u s ,  r e spec t ive ly ,  R2 - R1 = 2d. 

o r d i n a t e  r1 = R - R1 (0 d rl d 2d. 

p l e  b e  J ,  and then  t h e  boundary condi t ions  are 

We 

L e t  R 1  and R2 be  t h e  

In t roduce  t h e  co- 

Le t  t h e  t o t a l  c u r r e n t  through t h e  sam- 
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a t  r = 0, 1 
HJ 0 ;  

at  r = 2d, 1 

(53) 

The r e l a t i o n s h i p  between t h e  current  i ( r  ) and t h e  v e c t o r  p o t e n t i a l  1 

A(rl) is  s t i l l  given by (17). Using t h e  method of Sec t ion  I V ,  w e  1887 

assume 

- 
where C i s  a cons t an t ,  and t h e  boundary cond i t ion  which A(rl) s a t i s f i e s  i s  

s t i l l  (16).  S u b s t i t u t i n g  ( 5 4 )  i n t o  (17), under t h e  f i r s t  o rde r  approxima- 

t i o n ,  i t  can be w r i t t e n  as 

4. 
2d 

I n  (55) 

+ 
- 

+ 
+ 

+ 
w e  neglec ted  t h e  fol lowing i n t e g r a l  

I Its c o n t r i b u t i o n  is  only  -7~ of the f i r s t  i n t e g r a l  i n  (55) and can be neg- 

l e c t e d  under t h e  s i t u a t i o n  w e  a r e  considering. Using t h e  method of Sec t ion  
POd 

I V Y  w e  can determine t h e  cons tan t  C and o b t a i n  A ( r l ) :  
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Now l e t  u s  c a l c u l a t e  t h e  energy gap. The compensation equat ion  i s  

ZA’ - 2d - KO - Kr, (31) 

where ?? and KO are s t i l l  g iven  by (40 )  and (41).  

A(rl) i s  def ined  by (54). 

i s  mainly determined by t h e  f i r s t  two terms i n  ( 5 4 ) ,  and t h e  c o n t r i b u t i o n  

of i ( r , )  can be  neglec ted .  

K2 i s  g iven  by ( 3 4 b ) ,  but  

The c a l c u l a t i o n  shows t h a t  t h e  c r i t i c a l  cu r ren t  

Therefore,  

After a c a l c u l a t i o n  similar t o  that of Sec t ions  IV t o  VII, w e  o b t a i n  

Thus, w e  o b t a i n  

dH 
The c r i t i c a l  c u r r e n t  is  determined by t h e  equat ion  -3 = 0 (Ref. 6 ) .  dA 

From (60) ,  w e  o b t a i n  
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where HJ i s  t h e  magnetic f i e l d  generated on t h e  f i lm  s u r f a c e  by t h e  c r i t i -  

cal  c u r r e n t  J . The r e l a t i o n s h i p  between HJ and Jc i s  g iven  by (53). Ac 

expresses  t h e  va lue  of t h e  energy gap when HJ = HJc. 

w e  know 

C 

C C 

From (60) and (61) ,  

I (62) 
a: = L A X T ) .  

3 

S u b s t i t u t i n g  (62) i n t o  (61) ,  w e  ob ta in  

HJc 242 2d 
-P-- 

IfCM 3 J - p O ) .  1 
This  i s  t h e  r e s u l t  w e  des i r ed .  Comparing (50) wi th  (63),  w e  have 

It i s  easy t o  see t h a t  

a 
and when d >> Co ~ J J C H C  - - 3 HEM. (65b) 

The express ion  f o r  HJ 

t heo ry  (Ref. 6 ) .  

which agrees  wi th  t h e  GL theory,  no m a t t e r  what t h e  th i ckness  is. 

d e r i v a t i o n ,  i t  i s  no t  d i f f i c u l t  t o  understand t h a t  t h e  non-local e f f e c t  i s  

n o t  important  t o  t h i s  phys i ca l  quan t i ty .  

(63) obtained i n  t h i s  s e c t i o n  ag rees  wi th  t h e  GL 
C 

HJ, of t h e  superconducting t h i n  f i l m  i s  t h e  only q u a n t i t y  

From our  

IX. CONCLUSION 

This  a r t i c l e  s t u d i e d  i n  d e t a i l  t h e  e f f e c t  of t h e  non-local c h a r a c t e r ,  

induced by t h e  dimensions of t h e  sample, on t h e  behavior  of superconducting 

t h i n  f i l m s  i n  a magnetic f i e l d .  A theory  of superconduct iv i ty  of a t h i n  

m e t a l  f i l m  i n  a magnetic f i e l d  i s  given ( i n  a temperature  range near Tc) 

and express ions  f o r  t h e  magnetic moment, energy gap, c r i t i ca l  magnetic 
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c 

. .  

f i e l d ,  and c r i t i ca l  cu r ren t  of a superconducting t h i n  f i l m  (d* << d < 60(T))  

a r e  obtained.  

The r e s u l t s  of t h i s  paper show t h a t  t h e  GL theory  i s  a p p l i c a b l e  t o  a 

f i l m  wi th  enough th i ckness  (d >> E o ) ,  b u t  as t h e  f i l m  th i ckness  decreases  - 
e s p e c i a l l y  when d << co - t h e r e  i s  cons iderable  disagreement between t h e  

r e s u l t  of t h i s  paper and t h a t  of GL theory  (except  f o r  t h e  c r i t i ca l  c u r r e n t ) .  

Taking t h e  magnetic moment as an example, t h e  theory  of t h i s  paper expec ts  

dL d t h a t  when d << c o y  i t  is  propor t iona l  t o  7-. 

theory ,  i t  i s  p ropor t iona l  t o  2'. 

According t o  t h e  GL 
60(T) 5, 

- /889 

I n  (Ref. 4 ) ,  w e  compared t h e  t h e o r e t i c a l  formula of t h e  c r i t i c a l m a g -  

d2 
6o (TI 

n e t i c  moment wi th  t h e  experiment and found very  good agreement. 

When ca r ry ing  ou t  t h i s  research  w e  had many va luab le  d i scuss ions  wi th  

p ro fes so r  Wong Tzu-si and comrade Yu Lu. 

tude.  

We would l i k e  t o  express  our  g r a t i -  
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